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$P_{J}(J=I, \cdots, VI)$ 2
$J$ : $\frac{d^{2}y}{dx^{2}}=R_{J}(x, \lambda,t)y$
$P_{VI}$ Fuchs, $P_{J}(J=I, \cdots, V)$ $\mathrm{A}\mathrm{a}$ Garnier I
. 2 $L_{J}$ .
$4$ ,
$=1$ , 1 $=2$ , 2 $=3,$ $\cdots$
, $P_{IV}$





(1, 1, 1, $\mathfrak{y}arrow(1,1,2)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}(13)$ (4)
2 $5$ (1, 2, 2) $-(2,3)$
$(1, 1, 1, 1, 1)arrow(1,1,1,2)arrow’(1,1,3)\underline{><}(1,4)$ (5)
3 $6$ , $(2, 2, 2)><(3,3)$
(1, 1, 2, 2) $arrow(1,2,3)-$
$(1, 1, 1, 1, 1, 1)arrow(1,1,1,1,2)arrow’(1,1,1,3)\underline{><}(1,1,4)\underline{><}$
(6)
1: ,








, $n$ ($n=1$ $P_{VI}$
). . $(1, 1, \cdots, 1)$
.
([3], [4], [6], [7], [8])














$(\#)$ : $N(\geq 4)$ . $G(1, \#)eq$ $G(\#)eq$
.



























$q,$ $p$ 2 (2), (3)
. (2) ,
$r_{1}$ : $q\mapsto\tilde{q}=-q$ , $\kappa_{\infty}\mapsto-\kappa_{\infty}-1$ ,
. (3) ,
$r_{2}$ : $p\mapsto\tilde{p}=p,$ $\kappa_{\infty}\mapsto-\kappa_{\infty}$ ,
.
$r_{1},$ $r_{2}$ $H_{II}(q,p, s, H;\kappa_{\infty})$ .
$\bullet r_{1}$ . $r_{1}(p)=\tilde{p}$ ,
$\frac{d\tilde{q}}{ds}=2\tilde{p}-\tilde{q}^{2}-s$,
$\tilde{q}=-q$ ,
( ) $=$ $- \frac{dq}{ds}=-(2p-q^{2}-s)$




$\bullet r_{2}$ . $r_{2}(q)=\tilde{q}$ ,
$\frac{d\tilde{p}}{ds}=2\tilde{q}\tilde{p}-(-\kappa_{\infty})$
$\tilde{p}=p$ ,
( ) $=$ $\frac{dp}{ds}=2qp-\kappa_{\infty}$





$P_{I}$, $r_{1},$ $r_{2}$ .
$r::H_{II}$’($q,p$ ;\kappa )\rightarrow HII($\tilde{q},\tilde{p}$ ;r:(\kappa ))
$\tilde{q}$ $\tilde{p}$
$r_{1}$ $r_{1}(\kappa_{\infty})=-\kappa_{\infty}-1$ $\tilde{q}=-q$ $\tilde{p}=-p+q^{2}+s$
$r_{2}$ $r_{2}(\kappa_{\infty})=-\kappa_{\infty}$ $\tilde{q}=q-\kappa_{\infty}/p\tilde{p}.=p$
$P_{II}$ $Sym(P_{II})$ $r_{1},$ $r_{2}$
, $A_{1}^{(1)}$ . $W(A_{1}^{(1)})$ .




2 ( ) $G(1,4)eq$ , ,
.
4.1 $G(1,4)eq$






$\frac{\partial q_{j}}{\partial s_{i}}=\frac{\partial H_{i}}{\partial p_{j}}$ , $\frac{\partial p_{j}}{\partial s_{i}}=-\frac{\partial H_{i}}{\partial q_{j}}$ $(i,j=1,2)$
$G(4)eq(=P_{II})$




$\underline{\kappa_{0}=0}$ [ , $q_{2}\equiv 0,$ $\frac{\partial q_{1}}{\partial s_{2}}\equiv\frac{\partial p_{1}}{\partial s_{2}}\equiv 0$ . $q_{1}(s_{1}),$ $p_{1}(s_{1})$








$\frac{\partial H_{1}}{\partial s_{1}}$ $=$ $\sum_{i=1,2}(^{\partial}\frac{\partial H_{1}}{\partial q_{1}}.\mathrm{i}^{q\partial p}+\frac{\partial H_{1}}{\partial p_{1}}\mathrm{i})\partial s_{1}\cdot\partial s_{1}+(\frac{\partial}{\partial s_{1}})H_{1}$
$=$ $\sum_{:=1,2}(\frac{\partial H_{1}^{l}}{\partial q_{1}}.\frac{\partial H_{1}}{\partial p_{i}}+\frac{\partial H_{1}}{\partial p_{\dot{l}}}(-\frac{\partial H_{1}}{\partial q_{1}}.))+(\frac{\partial}{\partial s_{1}})H_{1}$
$=$ $( \frac{\partial}{\partial s_{1}})H_{1}$ ,
( $\frac{\partial H}{\partial\epsilon}[perp] 1$ $H_{1}$ $s_{1},$ $s_{2}$
$s_{1}$ , $( \frac{\partial}{\partial s_{1}})H_{1}$ $H_{1}$ $q_{j},$ $p_{j},$ $s_{j}$ $s_{1}$
).
$\frac{\partial H_{1}}{\partial s_{1}}$ $=$ $-p_{1}$ ,
(4) $\frac{\partial H_{1}}{\partial s_{2}}$ $=$ $\frac{\partial H_{2}}{\partial s_{1}}$ $=$ $q_{2}p_{2}$ ,
$\frac{\partial^{2}H_{1}}{\partial s_{1}^{2}}$ $=$ $-q_{2}p_{2}-2q_{1}p_{1}+\kappa_{\infty}$ ,
$\frac{\partial^{2}H_{1}}{\partial s_{1}\partial s_{2}}$ $=$ $-q_{2}p_{2}^{2}-q_{2}p_{1}+\kappa_{0}p_{2}$
$H_{1}$ , .
(5) $\{$
$\frac{\partial H}{\partial s_{2}}+\frac{\partial^{2}H}{\partial s_{1}^{2}}-\kappa_{\infty}$




$F:= \frac{1}{4}(\frac{\partial^{2}H}{\partial s_{1}^{2}})^{2}+(\frac{\partial H}{\partial s_{1}})^{3}-\frac{1}{4}(\frac{\partial H}{\partial s_{2}}-\kappa_{\infty})^{2}-\frac{\partial H}{\partial s_{1}}(H-s_{1}\frac{\partial H}{\partial s_{1}}-s_{2}\frac{\partial H}{\partial s_{2}})$
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$H_{1}(\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} H)$
(5), (4) , $H$ .
(6) $F^{2}-( \frac{\partial H}{\partial s_{1}}\cdot\frac{\partial^{2}H}{\partial s_{1}\partial s_{2}})^{2}-4(\frac{\partial H}{\partial s_{1}})^{3}(\frac{\partial H}{\partial s_{2}}-\kappa 0)\frac{\partial H}{\partial s_{2}}=0$





$g(s_{1}, s_{2}, \cdots)$ , $f(s_{1}, s_{2}, \cdots)$
$(g, f)\mapsto D_{1}^{i_{1}}D_{2}^{l_{2}}\cdots g\cdot f$
.
$g(s_{1}+s_{1}’, s_{2}+s_{2}’, \cdots)f(s_{1}-s_{1}’, s_{2}-s_{2}’, \cdots)=\exp(s_{1}’D_{1}+s_{2}’D_{2}+\cdots)g\cdot f$ .
$g(s_{1}+s_{1}’, s_{2}+s_{2}’, \cdots)f(s_{1}-s_{1}’, s_{2}-s_{2}’, \cdots)$ $s’=0$ Taylor
. ,
$D_{1}g\cdot f$ $=$ $\frac{\partial g}{\partial s_{1}}f-g\frac{\partial f}{\partial s_{1}}$ ,
$D_{1}^{2}g\cdot f$ $=$ $\frac{\partial^{2}g}{\partial s_{1}^{2}}f-2\frac{\partial g}{\partial s_{1}}\frac{\partial f}{\partial s_{1}}+g\frac{\partial^{2}f}{\partial s_{1}^{2}}$ ,
$D_{1}^{3}g\cdot f$ $=$ $\frac{\partial^{3}g}{\partial s_{1}^{3}}f-3\frac{\partial^{2}g}{\partial s_{1}^{2}}\frac{\partial f}{\partial s_{1}}+3\frac{\partial g}{\partial s_{1}}\frac{\partial^{2}f}{\partial s_{1}^{2}}-g\frac{\partial^{3}f}{\partial s_{1}^{3}}$,
$D_{1}D_{2}g\cdot f$ $=$ $\frac{\partial^{2}g}{\partial s_{1}\partial s_{2}}f-\frac{\partial g}{\partial s_{1}}\frac{\partial f}{\partial s_{2}}-\frac{\partial g}{\partial s_{2}}\frac{\partial f}{\partial s_{1}}+g\frac{\partial^{2}f}{\partial s_{1}\partial s_{2}}$ ,
.
$G(1,4)eq$ ( 1)
$\tau$ ( ) $g(s_{1}, s_{2}),$ $f(s_{1}, s_{2})$ .
$\frac{\partial}{\partial s_{i}}\log\frac{g}{f}=q_{\dot{l}}$ $(i=1,2)$ .
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( DlD2+s1D1+2\kappa $+1$ ) $g\cdot f=0$
(D21D2+D22–(2s22+s0D2-2\kappa 0D1-2 s2) $g\cdot f=0$
(7) , 3 1 $D_{1}$ ,
. .









$G(1,4)eq$ 1 . $\tau$ $h(s_{1}, s_{2}),$ $f(s_{1}, s_{2})$ .
$\frac{\partial}{\partial s_{1}}\log\frac{h}{f}=-p_{2}$ ,
$\frac{\partial}{\partial s_{2}}\log\frac{h}{f}=-p_{1}-(q_{1}+s_{2})p_{2}$ .











(6) , 2 (7), (8) .
(6), (7), (8)
$\bullet$ $H$ (6) .
(9) $\rho_{1}$ : $(\kappa_{0}, \kappa_{\infty})\mapsto(-\kappa_{0}, -\kappa_{\infty})$ , $s_{2}\mapsto-s_{2}$
(10) $\rho_{2}$ : $(\kappa_{0}, \kappa_{\infty})\mapsto(-\kappa_{0}, \kappa_{\infty}-\kappa_{0})$ , $H\mapsto\tilde{H}=H-\kappa_{0}s_{2}$
( 1)(7) .
(11) $\rho_{3}$ : $\{$





$-P(D)f\cdot g$ ( $P(D)$ : $D_{i}$ )
$P(D)f\cdot g$ ( $P(D)$ : $D_{i}$ )
.
, ( 2)(8) .
(12) $\rho_{4}$ : $\{$
$hrightarrow f$ ( $\tau$ )
$(s_{1}, s_{2})\mapsto(s_{1}, -s_{2})$
$(\kappa_{0}, \kappa_{\infty})\mapsto(-\kappa_{0}+1, -\kappa_{\infty})$
$\rho_{i}(i=1,2,3,4)$ ( $=$ )
. $\rho_{2}$ .
$\rho_{2}$
$\rho_{2}$ : $H(q,p, H, s;\kappa_{0}, \kappa_{\infty})arrow H(\tilde{q},\tilde{p},\tilde{H}, s;-\kappa_{0}, \kappa_{\infty}-\kappa_{0})$
. (5) $\tilde{H}=H-\kappa_{0}s_{2}$ $\tilde{q},\tilde{p}$
.
$\tilde{p}_{1}$ $=$ $- \frac{\partial\tilde{H}}{\partial s_{1}}=-\frac{\partial H}{\partial s_{1}}=p_{1}$ ,
$\tilde{q}_{1}$ $=$
$\frac{\frac{\partial\tilde{H}}{\partial s_{2}}+\frac{\partial^{2}\tilde{H}}{\partial s_{1}^{2}}-(\kappa_{\infty}-\kappa_{0})}{\partial\tilde{H}}=\overline{\partial H}=q_{1}$
,





$=$ $p_{2}$ . ( $\tilde{F}=F$ )
$s_{2}$
$=p_{2} \cdot\frac{q_{2}p_{2}-\kappa_{0}}{q_{2}p_{2}}=p_{2}-\frac{\kappa_{0}}{q_{2}}$ ,
$\ovalbox{\tt\small REJECT}_{2}$ $=q_{2}$ .
$\rho$: .
$G(1,4)eq$ 1 $\rho:(i=1,2,3,4)$ .
$\rho:$ : $H(q,p, s;\kappa_{0}, \kappa_{\infty})arrow H(\tilde{q},\tilde{p},\tilde{s};\rho_{1}.(\kappa_{0}),\rho_{1}.(\kappa_{\infty}))$
$J\backslash _{\overline{7}\nearrow}^{\mathrm{Q}}$ $f$ $\wedge\emptyset(\not\subset ffl$ $\tilde{q}$ $\tilde{p}$ $\tilde{s}$
$\rho_{1}$
$(\kappa_{0}, \kappa_{\infty})$




























$\tilde{p}_{1}=-p_{1}$ $-q_{2}$ $+q_{1}^{2}$ $+s_{1}$

























$Sym(G(1,4)eq)=\langle T(1,1), T(1,-1), R\alpha’ R\beta\rangle$
$\{$
$T_{(1,1)}$ : $(\alpha, \beta)arrow(\alpha+1,\beta+1)$
$T_{(1,-1)}$ : $(\alpha, \beta)arrow(\alpha+1,\beta-1)$
$R_{\alpha}$ : $(\alpha, \beta)arrow(-\alpha, \beta)$
$R_{\beta}$ : $(\alpha, \beta)arrow(\alpha, -\beta)$
$(T_{(1,1)}:=\rho_{1}\circ\rho_{3}\circ\rho_{4}\circ\rho_{1}, T_{(1,-1)}:=\rho_{1}\circ\rho_{4}, R_{\alpha}:=\rho_{1}\circ\rho_{2}, R_{\beta}:=\rho_{2})$ .
$Sym(G(1,4)eq)\supset W(A_{1}^{(1)}\oplus A_{1}^{(1)})$
. $\beta=0$ ( $G(4)eq$ )
$Sym(G(1,4)eq)\supset Sym(G(4)eq)$
.
. 2 . \beta =( ) $G(4)eq$ , \mbox{\boldmath $\alpha$}\pm \beta =( )
.
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52 ( ) , H.Kimura [4]. $\llcorner$ ,




[4] $H_{pd}(1,1,1,2)$ , : $(q,p, s, H)arrow(Q, P, S,\tilde{H})$
$\{$
$S_{1}$ $=$ $1/s_{1}$ , $S_{2}=s_{2}$ ,
$Q_{1}$ $=$ $-q_{1}/s_{1}+1$ , $P_{1}=-s_{1}p_{1}$ ,
$Q_{2}$ $=$ $q_{2}/s_{2}$ , $P_{2}=s_{2}p_{2}$ ,
$\ovalbox{\tt\small REJECT}$ $=$ $-H_{1}/S_{1}^{2}+(Q_{1}-1)P_{1}/S_{1}+\kappa/S_{1}$ ,
$\tilde{H}_{2}$ $=$ $H_{2}-Q_{2}P_{2}/\ovalbox{\tt\small REJECT}$














$(\kappa_{0}, \kappa_{1}, \kappa_{\infty}, \theta_{2})\in \mathrm{C}^{4}$ .
$\eta$







[4] $H_{pol}(1,1,3)$ , : $(q,p, s, H)arrow(Q, P, S,\tilde{H})$
$\{$
$s_{1}$ $=$ $(S_{1}-S_{2}/2)S_{2}$ , $s_{2}=S_{2}$ ,
$q_{1}$ $=$ $-1/S_{2}Q_{2}$ ,
$p_{1}$ $=$ $-S_{2}Q_{2}( \frac{\kappa_{0}+\kappa_{1}-1+\kappa_{\infty}}{2}-(Q_{1}-S_{1})P_{1}-Q_{2}P_{2})$ ,
$q_{2}$ $=$ $-(Q_{1}-S_{1})/S_{2}Q_{2}$ ,
$p_{2}$ $=$ $-S_{2}Q_{2}P_{1}$ ,
$\tilde{H}_{1}$ $=$ $S_{2}H_{1}+P_{1}$ ,
$\tilde{H}_{2}$ $=$ $H_{2}+(S_{1}-S_{2})H_{1}-Q_{2}P_{2}/S_{2}$ ,




$H_{1}$ $=$ $q_{1}p_{1}^{2}+2q_{2}p_{1}p_{2}-q_{2}p_{2}^{2}-(\eta q_{1}^{2}+\eta q_{1}s_{1}+\eta q_{2}s_{2}+\kappa_{0}+\kappa_{\infty})p_{1}$
$+(- \eta q_{1}q_{2}+\eta q_{2}(s_{2}-s_{1})+\kappa_{\infty})p_{2}+\frac{\kappa_{0}+\kappa_{1}-1+\kappa_{\infty}}{2}\eta q_{1}$,
$H_{2}$ $=$ $q_{2}p_{1}^{2}-2q_{2}p_{1}p_{2}+ \frac{q_{2}(q_{1}+q_{2}+s_{2})}{s_{2}}p_{2}^{2}+(-\eta q_{1}q_{2}+\eta q_{2}(s_{2}-s_{1})+\kappa_{\infty})p_{1}$
$-( \eta q_{2}^{2}+\eta q_{2}(s_{2}-s_{1})+\kappa_{\infty}\frac{q_{1}+q_{2}+s_{2}}{s_{2}}+\kappa_{0}\frac{q_{2}}{s_{2}})p_{2}+\frac{\kappa_{0}+\kappa_{1}-1+\kappa_{\infty}}{2}\eta q_{2}$ .
$(\kappa_{0}, \kappa_{1}, \kappa_{\infty})\in \mathrm{C}^{3}$ .
$\eta$ $\eta=\pm 1$ .
$\kappa_{\infty}=q_{2}=0$ $H_{1}$ ,
$H_{1}|_{\kappa_{\infty}=q_{2}=0}=q_{1}p_{1}^{2}-( \eta q_{1}^{2}+\eta q_{1}s_{1}+\kappa_{0})p_{1}+\frac{\kappa_{0}+\kappa_{1}-1}{2}\eta q_{1}$ ,
. $G(1,3)eq(=P_{IV})$ .
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